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Hypersonic Similarity Solutions for Airfoils Supporting
Exponential Shock Waves

J. D. CoLe* AND JEROME AROESTYT
The RAND Corporation, Santa Monica, Calif.

The flow behind concave and convex exponential shock waves is investigated from the view-
point of inviscid, hypersonic small-disturbance theory. The supporting two-dimensional
airfoil surfaces (which are in general not exponential) are determined, and the optimum such
lifting surface, in terms of maximum Cz¥2/Cj for fixed Cp is shown to be only slightly more
concave than a flat plate, and the improvement in performance over a flat plate is small. A
limit line is shown to exist in the flowfield behind convex exponential shock waves, so that it
is not possible to construct an airfoil that supports an exponential shock wave over its entire
length if the nose curvature is too large. Itis also indicated that this relatively refined theory
must be used for studies of performance and optimization, since the results of Newtonian
theory ave only gualitatively applicable if v is not unity.

Nomenclature
¢t = (y — 1)/2y
Cr = L/(pxU?2), Co = D/(p-U?/2)
D drag
F(z) dimensionless body height
L lift
P pressure
P dimensionless pressure [see Eq. (5)]
p* (v + 1)/2p [see Eq. (28)]
q velocity

dimensionless shock height

freestream velocity

dimensionless velocity components

(v + 1)/2v [see Eq. (29)]

z — £ (distance from shock along streamline)
specific heat ratio, Cp/Cv

thickness ratio

dimensionless shock slope

z location of streamline, where it crosses the shock wave
density

density ratio [see Eq. (6)]

stream function
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I. Introduction

THE applications of hypersonic gas dynamics have in re-
cent years been concerned with various aspects of re-
entry and missile phenomenology, whereas the development
of criteria for the study and optimization of lifting and con-
trol surfaces has not been actively pursued. Because of
this, there are few theoretical results relevant to the estima-
tion of shock-wave/body interference phenomena and to the
prediction of the effects of surface shape on control effective-
ness in hypersonic flight. However, one well-known result,
the “Newtonian chine strip,” obtained using Newtonian gas
dynamics, suggests that for a fixed drag penalty, surface con-
cavity can result in an enhanced lift-to-drag ratio.

In the present paper this conjecture is subjected to a
systematic investigation, in which the flowfield over a class
of two-dimensional lifting surfaces (those which support ex-
ponential shock waves) is examined from the viewpoint of
inviseid, hypersonic small-disturbance theory, and the effect
of varying surface concavity on lift-to-drag ratio is then deter-
mined for fixed drag.

For M, = « and in the framework of inviscid, hypersonic
small-disturbance theory, hypersonic similarity solutions with
power law shocks and corresponding power law body shapes
are well known.f In Ref. 3, it is indicated that a limiting
case of similar flowfields with power law shocks is the flow-

I See Refs. 1 and 2 for a review of these results.
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field formed with an exponential shock wave. If v = 1,
exponential shock waves are not supported by exponential
bodies. However, only the case of airfoils concave to the
oncoming stream is considered in Ref. 3, and further, the re-
sults are not presented in a form that makes it easy to study
a family of airfoils with various radii of curvature at the
nose.

The same formulation is used here for both families of
concave and convex airfoils. In addition, the results are
presented in such a way that the family of solutions corre-
sponding to different curvature at the nose can be easily
studied.

The present analysis neglects any viscous effects. For
the present theory to be valid and the customary ideas of
inviseid aerodynamics to be applicable, it is necessary that
all boundary layers be thin, and attached to the surface.
Whether or not these conditions are met in the presence of
the adverse pressure gradients that result from surface con-
cavity in a hypersonic flow has not yet been determined.$

II. Hypersonic Small-Disturbance Theory
Consider a slender airfoil whose profile is given by
g=0F),0<z<1F0) =0F1 =1 L
and the associated shock wave
g = 85(z) #)]

in the uniform hypersonic stream (Fig. 1) corresponding to
the limiting case that the hypersonic similarity parameter

5 = 1/M.%2— 0 3)

For the inviscid flow of a perfect gas the hypersonic small-
disturbance expansion,® based on the idea that the thickness
ratio 6 — 0, represents the flow quantities as follows¥:

veloeity
qz,7)/U =1+ jéo(z,y) + ... 4)

pressure
[P(z,5) — Pul/paU? = &%p(zy) + . .. )

density
p/pe = alzyy) + ... (6)

where

y =g/6 (N

The corresponding flow equations are those of unsteady flow
in a cross plane

continuity
da/0x + vdc/dy + cdv/y = 0 (8)
transverse momentum
dw/ox + vou/dy + (1/0)0p/dy = 0 9)
y
¥y =85(x}
U, Py P
Fig.1 Coordinate sys=
tem (hypersonic small- qe
disturbance theory). s
& L gF ()
BodY. surfocs _g
[
0 1 X

§ It is assumed that the surfaces we consider correspond to the
lower surface of a two-dimensional wing, whereas the upper surface
makes negligible contribution to lift or drag.

T Note that the barred quantities are dimensional.
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14
P=PS, v=vS,
| o:as ¥=S(x) shock wave

Fig. 2 Domain of ¥=y
boundary value prob- %
lem (¢, x plane).

v =F"{x) - (body) 1 x
entropy
(0/0x + vO/dy)p/o¥ = 0 (10)

The shock jump conditions expressed in terms of shock
geometry are

pleSk)] = [2/(v + DIS"(z) (11
vlz,S@)] = [2/(v + D18 (x) (12)
olz,S@)] = (v +1/(y =D (13)

The boundary condition of tangent flow at the airfoil surface
becomes

v[z,F(@)) = F'(z) (14)

It is convenient to introduce some auxiliary coordinates, the
first of which is the (dimensionless) stream function ¥(x,y)
defined by

o = 0Y/dy, ov = —OY/0x (15)

The independent variables are changed from (z,y) to (z,¥)
by the following differential operations:

Q/dx — 0/dx — ovd/OY
/0y — cO/0Y
and the derivative along the streamline (¢ = const) is
0/0x + vO/dy — d/dx

Using these transformations, the equations of motion [Eqs.
(8-10)] become

ds/0x + 2u/dY = 0 ( (16)
w/dx + dp/oY = 0 amn
p/o? = k({) (18)

Here the function k(¢), the entropy constant on a streamline,
can be evaluated parametrically from Eqs. (11) and (13)
by using the fact that ¢ = y(¢ = 1) upstream of the shock.
On the shock wave

Yle,S@)] = ¢s = S(z) (19)

The boundary value problem in the (¥,x) plane appears in
Fig. 2. Tt is convenient now to replace the coordinate ¥
by the coordinate £ (constant on a streamline) which gives
the x location of a streamline where it crosses a shock wave.
As a result of this transformation, the domain of the inde-
pendent variables is fixed, but the shock shape appears in the
differential equations. The shock location is given by
z = £, and the shock relations are rewritten

p&8 = ps = [2/(y + D]6%E) (20)
v(&8) = vs = [2/(v + D16 (21)
o) =os=(+1D/(y -1 (22)
where
6(%) = 8'(§) = shock slope
Since

8(5)o/0¢ = o/0k
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the pair of Eqgs. (16) and (17) become

0(&)(0/0x)(1/0) — 0v/0f = 0 (23)
op. o _
Y: +0© 5 =0 (24)

The density can be eliminated from this system by using the
entropy integral Eq. (18)

P8 _ [2/(y + DIEE) 25)
oz, [y + /(v — DI
The resulting pair of equations for (p, v) are
L vy —1 2 1/~ 9(5)(2/«/)—5-1 3@ % _
() e o
Op/k + 6()ow/ox = 0 (27)

Finally, it is convenient to scale the variables with the factor
2/(y + 1). Then

p(,8) = 2/(y + Dp*(,8) (28)
o(z,f) = 2/(y + Do*(x,8) (29)

and we obtain the following forms of the continuity and mo-
mentum equations, shock relations, and boundary condi-
tions of tangent flow:

e ef—ﬁ:/ﬁﬁl i %1’5— —o =T 0 e
op*/0k + 8(How*/ox = 0 (31)
shock conditions:
p*(EE) = p¥s = 0%(§) (32)
v¥(EE) = v¥s = 09 (33)
boundary condition on body surface:
v*(,0) = »*z) (34)
where
n¥x) = (1%1) F'(x)

The domain of the problem (z > £) is shown in Fig. 3. The
special solution ecorresponding to exponential shock wave
shapes for the boundary value problem just formulated is dis-
cussed in Sec. III.

III. Similarity Solutions with Exponential
Shock Shape

If solutions to Eqgs. (30) and (31) are sought by means of
separation of variables in the form f(£)g(x — §), it is seen
that solutions can only be found when f(£) « e% and corre-
spondingly 6(£) « e%. (See Appendix for details.) Thus let

p*(x,§) = AP (X) (35)

ATAA JOURNAL

v*(2,8) = Ae*V(X) (36)
where X = 2z — ¢ = distance from shock along a streamline
0(8) = Ae*t = 8'(§) (37)

The shock shape is thus
S(§) = (A/a)(e* — 1) (38)

where @ > 0 yields a concave shock and corresponding con-
cave airfoil, and a < O corresponds to a convex nose shape.
The parameters A, a are not independent but are related by
the normalization F(1) = 1. Thus a one-parameter family
of solutions is obtained.

The shock eonditions, Eqs. (32) and (33), are satisfied by

P@) = V(0) = 1, X = 0 on the shock (39)

Under the form of solution assumed previously, the differential
equations, Eqs. (30) and (31), become ordinary differential
equations

(cz/PY/ N+ (@P/dX) + aV — (dV/dX) =0 (40)
%aP — dP/dX + dV/dX =0 (41)

Elimination between these two equations yields
[(cz/PA/MNFTY — 1]1(dP/dX) = —a(V + 2P) (42)
[(c/PU/DFY) — 1)(@V/dX) = —al(2e®/PV/7) + V] (43)

Thus the solution can be studied in a (P, V) phase plane with
integral curves defined by

(@P/dV) = (V + 2P)/(V + 2¢2P~ /M)
¢t = [(v — D/27v] (44)

The corresponding mapping along an integral curve to the
physical eoordinate X can be found from Eq. (42)

adX = [1 — (¢3/PA/MILYGP/(V + 2P) (45)

In view of the initial condition, Eq. (39), only the integral
curve passing through P = V = 1 need be considered and,
for all reasonable values of v, (P,V) > 0. A sketch of the
integral curve is given in Fig. 4 for a typical v. The shape
of the integral curve in the (P,V) plane depends only on .
There are no singular points of Eq. (44) in the quadrant
r,V) > 0.

Sinee ¢? < 1, the mapping formula, Eq. (45), indicates that
X increases as P increases along the path for ¢ > 0. This
branch of the integral curve corresponds to the concave nose
shape. The values of X are found by integrating Eq. (45)
along the curve up to the final point (Pr,Vr) where X = 1,
for a given value a. For other values ¢, the integration is
scaled accordingly. The shape of the body corresponding
to this shock shape (given y,a) is found from the knowledge
of V(X), since from Eqs. (36, 34, and 29), it follows that

v¥(z,0) = AV(@) = [(v + D/2}F" (@) (46)

The shape is not exponential. The normalization F(1) = 1

PT’ VT' X=1

a>0 concave

-
x increasing

a<0
P convex

C

I \

Vc]

Fig. 4. Integral curves in P, ¥ plane (sketch).
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can be used to find A since
F@) = —2—4 f ® ¥(X) dx 47
@ =4 ;7@ (47)

By using Eq. (40), this can be expressed simply as

2 4 1
P = 2 2 e - 1+ v (s - 1))
(48a)

2 A 1
i [0 e (s )]

(48b)

leading to

F(l) = 1=

where the subseript T refers to the tail station. The pressure
distribution P(X) along the surface is also known.

For the convex bodies the situation is a little different.
The mapping relation, Eq. (45), shows that the integral
curve (Fig. 4) can only be continued from P = V = 1 to
(Pc,Vc), where

Peo = (62)v/v+1 (49)

The image of the flowfield in the physical plane turns around
if the integral curve is continued past this value. Thus the
line P = P represents a limit line of the flow, and only for a
certain range of a < ac¢ can the solution be continued to X =
1. However, all the solutions for ¢ > 0 make sense as flows
over nose shapes up to the limit line with a slightly different
normalization. Some details of behavior of the integral
curve are worked out in Section V.

The integral curve P(V) has been computed numerically
for various v and appears in Fig. 5.** The corresponding

b)
100,060

10,000 -

]

1,000

100 —

1 10 100 1000

Fig. 5 Integral curves P(V).

#* Figure 5 presents results for y = %. - Additional results, for
v = %%, %, and $, are included in Ref. 6.
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Fig. 6 Universal mapping relation, aX [Eq. (50)].

universal mapping relation

P c? ar
aX = fl <1 - P<1/v>+1> T

has been evaluated along this integral curve and the results
are presented in Fig. 6. The various pressure distributions
and airfoil shapes can be worked out from these curves.

Newtonian Limit

The Newtonian limit!* accounting for impact pressure and
centrifugal foree corrections appears formally in gas dynamies
as the limit ¥ — 1, and correspondingly g5 — «. The limit
can be applied directly in this example, and it is useful to have
these results. Let Py denote the Newtonian pressure and
let v — 1 in Eq. (44). Then

dPx/dV = 1 4 2Px/V (51)
The integral curve passing through (1,1) is thus
Py=2V2 -V (52)

Since dP/dV < dPy/dV it is clear that for a given V,
P < Pyfor P> 1, a > 0 (concave case)
P> Pyfor P <1,a <0 (convex cése)
For this case the mapping relation Eq. (45) becomes simply
adX = dV/V (53)
or
V(X) = esX = (1/4)F'(X) (54)

Thus, in the Newtonian limit, both shock shape and body
shape are exponential. It is easy to verify that the usual
Newtonian pressure formula for the pressure distribution on
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- ) - s » ) that
L b2 .t 44 [7 T2 L = U252A2 2 fl P(ﬂ?)dx (60)
. 2 4+ b 1 . / {12 P " + 1 0
3 .9 3k /7 2 2 1
F,s P = 283 43
il | | D = p, U4 <7 ~ 1) [ Pov@a  ©
° ]
1 ds L 1, The integral in Eq. (60) follows from the momentum equa--
tion, Eq. (41)
0 1 i ) L 0 I ] 1 {
0 2 4 6 8 1.0 0 2 4 6 8 1.0 1 1 1 (dP dv 1
. - V - [, P@yas = o (?z? - 71?) do = 5 (Pr = V)
[ ] (62)
- BT = 5 - - b2 =
8 12 optimn = 358 712 Again, using Eq. (41),
6k sb s g 1 1 1 dP av
Pd_ al , F;s ,fO P(%)V(x)dﬁ:=2—bzﬂ (V%—V7d—;> dx =
g ; 1 ver 1| 1 I8 av.
T s 13 262{VTPT—1—2+2} e Jo Pay ®
% T A s T e Now, using Eq. (40) for dV/dz,
x X

Fig. 7 Concave surfaces supporting exponential shock
waves; shock ordinate S, surface ordinate F, pressure P,
y = 7/5.

a slender body is obtained in this case (see, for example, Ref.
4)

Pylz) = F'*(z) + F@)F"(x) = 24%%Y — A%X (55)

It is interesting to note that the critical point (P¢,Ve) corre-
sponding to the limit line for the convex nose shapes as v —
1 becomes the point where Py — 0. This follows from Eq.
(49) with ¢ — 0. In Newtonian theory it is assumed that
the flow continues past the zero pressure point in the form
of a free layer [S(z) ~ (z)¥?]. Correspondingly, if v > 1
the continuation of the flow past the location of the limit line
demands 2 change in the shock form and body shape. Some
details of the problems for concave and convex shapes
are discussed in Secs. IV and V.

IV. Concave Shapes; Lift and Drag

For the concave shapes let
a = b?

so that the pressure distribution and body slope are repre-
sented by

p@,0) = polz) = [2/(y + 1)]A*P(z) (56)
v(%,0) = w(@) = [2/(y + DIAV(2) (57)
The shock shape is

S(z) = (A4/b) (e — 1) (58)

From the normalization of Eqs. (48) we have

A _r+1 1
b 2 {Vrd [y = D/2I1Pe Y — (v 4 1)/2}

(59

Using these results, the pressure distributions, body shapes,
and shoek shapes for a family of airfoils have been calculated
from the universal curves (Figs. 5 and 6). The results are
plotted in Fig. 7.

If these concave shapes are regarded as the lower surface
of a family of lifting airfoils, explicit formulas for the lift and

~drag eoefficients can be obtained by using the differential
equations, Egs. (40) and (41). Thus Eqgs. (56) and (57) show

L 1 Vez2oo1
[ Peyv@i = o {VTPT Lo E} _

1 1 ¢t dP
92 fo P {p(1/7>+1 dr + bZV} de
and we see that

% j:) ' P@)V@)de =

1 Vo4l 1
o {VTPT — PR - 1)} 63)
Thus
o - L D

= o2 P st

are expressed in terms of the values (V,Pr);

_ 2 a4
Cr = Y F1 d b2 {Pr — V¢l (64)
2 2 Al , Vr? 1 _
Cp = 5 <,y 1) 5 o {VTPT -5 3 P 1/7)}

(65)

] 1 I
0.0 1.0 2.0 3.0 4.0 5.0

0.9

b2

Fig. 8 (C1)3/2/Cp as a function of nose curvature, b? [see
Eq. (66)].
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‘"The problem of determining the shape producing least drag
for a given lift can be studied in terms of the parameter b,
representing roughly the curvature of the airfoil, by maxi-
mizing C¥%/Cp

(32 B i <’Y + 1)1/2 1

1 (Py — Vip)32
Co 2 2 b {VePr— (V1%/2) — & Pr(r=1/7])

(66)

"The right-hand side of Eq. (66), for a given v, depends only
on the parameter b. Thus a simple maximum for Eq. (66)
«can be sought. A plot of the curves representing Lq. (66)
for various v is shown in Fig. 8, and C/8? is plotted in Fig.
9. The existence of the optimum airfoil within the class of
airfoils is easily seen. The shape of the airfoil surface is given
in Fig. 7d. The optimum value of C3%/Cp is

C3%/Cp = 1.58 for v = 1.4 and b2 = 0.368 (67)

compared to (y + 1)V2 ~ 1.55 for a flat surface (b = 0).
The limiting Newtonian case can also be studied for com-
parison with other shapes. As vy — 1, Eq. (66) becomes
CL3/2 3 1 (PT —_ VT)3/2

Co 2 b VePr— (Vi¥/2) — %

or, using Eq. (562),
CL3/2 3‘23/2 VT3/2('VT — 1)3/2

Co b 4Ve —3Ve2—1
or
In this case, we have explicitly from Eq. (54),
Vp = ¢’ (69)
The numerical result for the optimum is
Cr¥2/Cp = 152, =081,y =1 (70)

compared to 1.41 for b = 0. This can be compared with
the optimum within the class of n-power noses in Newtonian
theoryTt:

F(z) = a», C132/Cp = 147,n = 1.23 ... (7D

The absolute optimum aceording to variational caleulus and
Newtonian theory is worked out by Hayes and Probstein.fi
The airfoil is a flat plate from 2 = 0 to z = 1 fitted with a
chine strip at the tail that increases the flow deflection sud-
denly by a factor (3)1/2

(C13%/Cp)ops = 1.61 (chine strip) (72)
For a flat plate, Newtonian theory gives
C3/Cp = (2)12 (73)

Thus the optimum airfoil in the class of exponential shapes
is superior both to the power law optimum and the flat plate,
but is still inferior in effectiveness to the chine strip. These
comparisons are only valid for v — 1. Within the context
of hypersonic small-disturbance theory for v s 1, and Mé —
« , the calculation of the absolute optimum has not yet been
performed. For a lifting surface that is only slightly different
from a flat plate,® it has been shown that a counterpart of
the Newtonian chine strip, if v » 1, is a flap that is hinged
at the k.th fraction of the chord length, where

1= [y = 1)/2vy]¥2

Fo = 5 + [(y — D/2v]V2

11 This corrects a statement in the first paragraph of Ref. 5.
1t Ref. 1, p. 108.
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C /52

Fig. 9 C/18% as a function of noise curvature, b2,

and is 0.45 for v = 1.4. The necessary turning of the shock
layer, which can be performed by a chine strip of infinitesimal
length if ¥ = 1, must be performed by a flap that is almost
half the chord length, if ¥ = 1.4. Rough qualitative trends
for ¥ = 1 can be inferred from Newtonian theory (i.e., the
chine strip-flap correspondence). The results of the present
study suggest that for this limited class of airfoils in air
(v = %) the improvement in C¥?/Cp over the flat plate
value is about 7% if computed by Newtonian theory and
only 29 if computed by hypersonic small-disturbance theory.
However, although the improvement in performance is greatly
overestimated by Newtonian theory, the shapes of the opti-
mum airfoil are not very different.

V. Convex Shapes

For the convex nose shapes let

’ a = —n (74)
so that the pressure distribution and body slope are
px,0) = p(X) = [2/(v + D]A*P(x) (75)
v(2,0) = n(X) = [2/(y + D]AV(2) (76)
The shock shape is given by
S@) = A/ — e (T

The essential feature of the convex nose shapes is the ex-
pansion of the flow along the integral curve from P = 1 to
P = P¢in Fig. 4. We now examine the details of the solu-
tion near this critical point

‘ Po = ¢2v/v+1 (78)
It can be seen from Eq. (44) that
(dP/dV)e = 1 (79)
Thus the integral curve has the local expansion
P=Pc+ (V—~TVe)+ ... (80)

Using this result, the mapping relation Iq. (45) becomes

2 o= — 1
X = (1 M+ (V- Vc)/Pc]”“)”) X
dV
Vo®aPe
or
wdX = —[(v + D/YII(V = Vo)/Pe(Vo + 2PV (81)

The integral curve locally is

WX — Xo) = =y + D/2v][1/Pc(Ve 4+ 2Po)] X
(V= TVe)? (82)
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£
Fig. 10 Convex
body detail{ x, £
plane).
Thus

V—=Ve=={12y%/(y + DIPc(Ve + 2Pe)] X
(Xe — X)}v2 (83)

The plus branch of Eq. (83) corresponds to the expanding
flow coming up to the critical point. Equation (83) shows
that the streamlines in the physical plane must reverse at
the critical point, a typical behavior at a limit line. Since
dV/dX — « at X — Xg, the curvature of the body (and
of all streamlines at X¢) is thus infinite. The line X = X¢
has the slope of a characteristic in the physical plane but is
not a characteristic. Rather it can be shown that it is the
envelope of characteristics (see Fig. 10). This means that
the solution with exponential shock shape cannot be con-
tinued downstream past this limit line. However, up to
the infinite curvature point on the body the solutions make
sense.
If 32 < 3tmax?, Where max? 1s computed from Eq. (50)

y 1 c? dP
et = o (= i) v T O

then X¢ > 1. In the limiting case of 2 = xme?, the limit
line first appears at X = 1, the trailing edge of the surface.
For these values of #? < 5052, the standard normalization of
Sec. IIT still applies (tmex? ~ 0.192 if v = Z). The airfoil
curvature corresponding t0 xmax? is the most convex complete
airfoil surface that can support an exponential shock wave.
Some of the computed pressure distributions and body shapes
are given in Fig. 11.

However, with a different normalization, and a different
interpretation to the flowfield, it is possible to imagine a
continuation of the flow past the eritical point. The ex-
ponential shock cannot continue downstream past point A
in Fig. 10, which is the first point influenced by the critical
point C. By altering the body shape at C so that the
curvature is finite, the flow can be continued using condi-
tions on CA as initial data. Thus the exponential shock
shape and its supporting airfoil surface from X = 0 to X =
X correspond to only the leading edge of a complete airfoil,
extending from X = 0to X = 1.

VI. Summary and Conclusions

This study is part of a continuing investigation of airfoil
optimization, using the equations of hypersonic gas dynamics.
This relatively refined theory must be used since Newtonian
theory gives results which are only qualitatively applicable
for v = 1.

The flow behind coneave and convex exponential shock
waves has been investigated, and the corresponding sup-
porting airfoil surfaces have been determined. The opti-
mum lifting surface which ecorresponds to an exponential
shock wave in terms of maximum C¥2/Cp for fixed Cp has
been shown to be only slightly more concave than a flat
plate, and the improvement in performance over a flat plate
is small. A limit line has been shown to exist in the flow-
field behind convex exponential shock waves, so that it is
not possible to construct an airfoil that supports an exponen-
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tial shock wave over its entire length if the nose curvature
is too large.

It is recognized that applications of lifting hypersonic sur-
faces may involve prolonged flight at higher altitudes, where
viscous effects and forces are significant. For such applica-
tions, the results presented here are only a guide to the actual
state of affairs, and the inclusion of boundary-layer and three-
dimensional effects may be necessary for realistic optimiza-
tion studies.

Appendix: Similarity Solutions of
HSDT Equations

Shock waves which are either exponential or power law
permit similarity solutions of the hypersonic small-disturbance
(HSDT) equations. This is shown here, using the £, z co~
ordinate system.

If n(£x) is a similarity variable, and is a constant when
z = §, then the similarity forms

p = 0P

v=0E)V)

are consistent with the boundary conditions at the shock
wave.
Replacing these forms in Eqgs. (30) and (31) leads to

C2P,(n/0x) d o

0

(A1)

0 (A2)

200'P(n) + 6°P,(01/) + 02V,(d1/0x) = 0  (A3)
The necessary conditions on & and 7 are of the form
[(d0/d§)1/01[1/(dn/0z)] = Fi(n) (Ada)
(0n/08)/(0n/dx) = Fa(m) (Adb)
From Eq. (Ada)

1

" i = 2L
Jo Bt = 2w+ 0@ (45)

If 7 is a constant, 7o, when 2 = £, then

dg 1

Jo B = 55 e+ 6@

o

Fig. 11 Convex sur-
faces supporting ex-
ponential shock waves;
shock ordinate S, sur-
face ordinate F, pres-
sare P, v = 7/5.




FEBRUARY 1970
or

G(y) = (d6/dE)(1/0)(x — &) (A6)
where

G = [ Fiadn
From Eq. (A6), we obtain
0G/dox = (dG/dn)on/dx = (d8/dE)1/0 (A7a)
and

oG _ 4G on _ 5)<_d2_9.l_ (d"/dEV) _ 46 1
28 dy a W ST G dE B
(ATD)

After these expressions are inserted in Eq. (A4b), and assum-
ing that dG/dn = 0, we arrive at

@0 1 @9/dg?\ o 17 . de 1
[e-o(Ge 5 - “5) @ o] -ro i 5
(A8)

Using Eq. (A8), this can be written as

b 0 ) _
[G(n) - 02] S P 41 G (A%)

or

O 6 Fo(p) +1+ G

O 0 G(m) (49b)
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For this to be true, it is necessary that

O 0

6. O = A (A10)
where X\ is a constant. Then, after integrating,
0 = at® (Al1)
where @ is a constant. If A = 1,
f = A{g + B}V1—> (A12)

where A and B are constants. The case vy = 1 clearly corre-
sponds to the exponential shock wave [from Eq. (All)],
and the case v # 1 corresponds to the power law shock wave.
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Cone Drag in Rarefied Hypersonic Flow

M. I. Kussoy* axp C. C. HorsTMAN*
NASA Ames Research Center, Moffett Field, Calif.

Experimental drag coeflicients for spheres and sharp cones in rarefied hypersonic air flow are
presented. These data were obtained using a free-flight technique in a shock tunnel. The
test conditions were Mach number from 15 to 24.6, Reynolds number/in. from 690 to 2630,
mean free path from 0.009 to 0.053 in., and cone semivertex angles from 2.5° to 25°. When
compared with hypersonic viscous interaction and near free molecular theories (both com-
puted for the present range of test conditions), the cone drag is overestimated. However, ap-
plying the viscous interaction parameter of Mirels and Ellinwood, a correlation of cone drag
for each cone angle in terms of Mach number and freestream Reynolds number is developed.
A correlation of average local skin-friction coefficient (deduced from the present data) for
individual cone angles is also developed in terms of Mach number and freestream Reynolds
number. The ratio of skin-friction to heat-transfer coefficient is shown to be a function only

of cone angle.

Nomenclature
C = Chapman-Rubesin viscosity law coefficient (g7 /p7"w)
Cp = drag coefficient referenced to base area
Cx = Stanton number
¢/1 = average local skin-friction coefficient
Kn = Knudsen number
l = axial length of model
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M = Machnumber

q = dynamic pressure

Re = Reynolds number

T = temperature

U = velocity

A = mean free path

0, = cone semivertex angle
= viscosity

Subscripts

D = diameter

INV = inviscid



